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Thermal QCD sum rules for mesons
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A recently proposed scheme is used to saturate the spectral side of the QCD sum rules derived from the
thermal two-point correlation functions of the vector and the axial-vector currents. At low temperature, it
constructs the spectral representation from all the one-loop Feynman diagrams for the two-point functions. The
old saturation scheme treats incorrectly some of these contributions. We end up with the familiar QCD sum
rules obtained from the difference of the two correspondiaguumcorrelation functions. The possibility of
obtaining new sum rules in other media is discussed.
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[. INTRODUCTION sum rules—both the pole and the remainder become of com-
parable magnitude. It is these remainder terms which are not
In their original work extending the vacuum QCD sum included in the earlier saturation scheme.
rules [1] to those at finite temperature, Bochkarev and_ [N this paper we write down the thermal QCD sum rules
Shaposhnikoy2] recognized the importance of multiparticle following from the vector current and the axial vector current
(branch cutscontributions in addition to those of single par- correlation functions, constructing the spectral side from the

: ; : . set of all one-loop Feynman diagrams. At low temperature
:ﬂ?;gl)?\llsc?_ Irc])i:to fTJ S;:::Ltjigtlf]r;g ;ﬂﬁssf%?Ct:wrglvr(.aec%?sceunrtritrlft)go?fonly the distribution function of the pions is significant in the

. P oo : heat bath. Thus, of the two particles in the loop, at least one
relation function, they included not only the pole with

: S must be a pion, the other being any one of the strongly in-
temperature-dependent residue and position, but alsethe (eacting particles with appropriate quantum numbers in the
continuum. In the same way the spectral representation fqpy, mass region. The vertices occurring in the diagrams can
the nucleon current correlation function would consist of thepe optained from the chiral symmetry of QCD ald8ed], as
nucleon pole with temperature-dependent parameters and thgs|l as from other related formulations, assuming additional
mN continuum. Although such a saturation scheme is quitgsymmetried10,11]. A priori, the Lagrangian with the chiral
suggestive and had been extensively used in the[BaBlfit ~ symmetry alone is singled out, if we claim the sum rules to
lacks a theoretical basis, leaving one to suspect if soméllow from QCD.
equally important contributions are left out. As with the nucleon sum rulels7], we subtract out the

A definitive saturation scheme emerged with the work ofvacuum sum rules from the corresponding full sum rules at
Leutwyler and Smilgd5], who calculated the nucleon cur- finite temperature, equating, in effect, terms @{T?) on
rent correlation function in chiral perturbation theory. Being both sides. All our calculations are done in the chiral sym-
interested in the shifts of the nucleon pole parameters at lownetry limit, though we keep nonvanishing pion mass in in-
temperature, they considered all the one-loop Feynman didermediate steps.
grams for the correlation function and evaluated them in the In Sec. Il we collect some results to be used later. In Sec.

vicinity of the nucleon pole. Koiké6] examined the contri- !!l we analyze the one-loop Feynman diagrams to construct

butions of these diagrams in the context of QCD sum rulesthe spectral representation for the correlation functions. In
Sec. IV we use the known results of operator product expan-

He found a new contribution arising from the nucleon self-> d write th les. Finall udi K
energy diagram to the sum rules, not required in the saturgz 0" @and wnite the sum rules. Finaily our conciuding remarks

tion scheme mentioned above. are contained in Sec. V.

_ The one—loop Feynman diagram; for the nuclgon correla- Il. PRELIMINARIES

tion function were further analyzed in R¢¥]. In this set of

diagrams for the correlation function, one has not only dia- Here we review briefly the kinematics of the two point
grams with the(single particlg pole alone and théwo par- ~ correlation functions of the vector and the axial-vector cur-
ticle) branch points alone, but also othene particle reduc- rents. Then we write the leading interaction vertices allowed
ible) diagrams, appearing as a product of factors with thédy the chiral symmetry of QCD and calculate the loop inte-
pole and the branch cut. As an example, take the case ofgfals we shall meet in our work.

vertex correction diagram having this product structure. It
may be expressed as the sum of the pole term with constant
residue and a remainder, regular at the pole. Clearly to find Consider the two thermal correlation functions,
the pole parameters one may confine oneself to the pole term
alone. But if one wishes to evaluate the diagram for large
spacelike momenta—the region of relevance for the QCD

A. Kinematics

T2 =i f d*x€ X TroTV2(x)VY(0) (2.1
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and tion [12]. This function, in turn, is determined completely by
the 11-component function itself: Their real parts are equal
! i i sl
T,ab:iJ' d4x e *TroT A2 (x)AP(0 29 e}nd the imaginary part of the former eguals tanh(@Bqgy/2)
wy eTALOAL0) 2.2 times that of the latte(The factor# ! is inserted for con-
venience). To avoid further symbols, we henceforth redefine
T to denote this analytic function. Its spectral representation

o 2 . 2 at fixedﬁ is given by
VA(X)=0(X) 7,5 d(X),  AL(X)=0(X)¥,y575a(X),

of the vector and the axial vector currents,

. [~dgp?ImT, (dp,q)
T.,t<qé,q>=f e

: 2.8
0 gp’—dp—ie

generated by th& U(2) flavor symmetry group of the QCD
Lagrangian. Herer® are the Pauli matrices and
=e A1/Tre A" is the thermal density matrix of QCD at
temperaturel = 1/8. Note that in the limit of chiral symme-
try, in which we shall work, the axial vector current is also  Here we write down the chirally symmetric effective La-
conserved and the kinematics, in particular, the invariant degrangian involving pions and spin one mesons. To calculate
Composition is the same for both the correlation functions. the correlation functions we also introduce external fields
The current conservation leads to the invariant decompov;,(X) anda?(x) coupled to the currentg}(x) and A (x)

B. Dynamics

sition [8], extending the original QCD Lagrangian as
Tfﬁ(q): 6""b(PM,,Tt+ QuvTi): (2.3 Locp— Locptv5(X)VA(X) +ad(x) AL (X).
where the gauge invariant tensors are chosen as The resulting interaction vertices are obtained in Refs.
) . [13,14 for the chiral symmetry grou@U(S)RX SU(3),. -
P ——qg + 9.9, 9~ ~ 9~ ~ At low temperature the pions dominate the heat bath. We
pr™ " Qur 92 —Uuly, Ql«w_azuﬂu'“ thus consider the reduced symme8Y(2)gx SU(2), and

write down the relevant pieces of the chiral couplings of
with U, =u,— wq, /g2, whereu, is the four-velocity of the pions with themselves, the external fields and the other ob-
® 2 2 ' ® . . .
served particles, to be encountered in the one-loop diagrams

medium andw and q are Lorentz invariant scalargy=u [15]. These are given by

-q anda= Jw?—0?, representing the time and space com-

ponents ofg,, in the rest frame of the heat bathi =1, u Lint(mv,a)=L(m)+ L,(7)+ Ly(7) (2.9
=0). The invariant amplitudes are functions of the scalar
variables, sayg? andw. They can be conveniently extracted where
from the Feynman diagrams by forming the scalars,
1
T,=g*"T To=uku"T,,, (2.9 £(7T)=—6?(17- @i, Mt a—ad, w0t a),

w

uvo

which are simply related to the invariant amplitudes.
Having cast the kinematics in a Lorentz invariant form, L,(m)=v, axXdm

we choose to do calculations in the rest frame of the heat

bath. The kinematic decompositi¢?.3) leads to a constraint

L ) += (@ @, - v*—v, wot w7, 2.1
on the invariant amplitudes which in this frame reads as 2(” v, 0o, ol ) 219

Ti(d0,G=0)=05T (do,4=0). (25 1
oo oTrHe Ea(w)ziFiaﬂ-aﬂ—Fwaﬂ-aﬂw
Using this equation, the two sets of amplitudgs and T, ,
can be related foq=0 as 1
—=(mw-ma,-a*—a, wa" )
2 H M
1 1
T|::2T2, Tt:_ng' (26)
q +3?7T(77- wotm-a,—m Itmm-a,),
Note also the symmetry of the imaginary parts of the ampli-
tudes, the letters in boldface denoting isospin vectors. Since we are
considering thermal corrections to one loop only, we may
ImT, t(_qo,a:o)z ImT, t(quaZO)- (2.7 already evaluate the single pion loops generated by the above

interaction vertices. Such a loop is given by the 11-

In the real time thermal field theory that we are going tocomponent of the thermal pion propagator formed by con-

use here, each of the above amplitudes stands fox@ 2 tracting the two pion fields without derivatives in such ver-
matrix, whose components depend on a single analytic fundices,
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A= 5

+278(k2—m2)n(k),

(2.11)

where n(k0)=(e5|k0‘—1)*l is the Bose distribution func-
tion. Then the thermal part of the loop is given by

4

k
TVQTWa(X)Wb(X)|11—>5abf(2d ) n(ko) 8(k*—m?)

)3
2
b1

:63 1_21

(2.12

in the chiral limit. Thus we can writ€( ) andL,() as the
effective two-point vertices,

T2
L(m)=— 362 d,m o',
F2 T? T?
Ea(ﬂ)=7 1_6? a, a“—F, 1—9? a, .

(2.13

Next, we write the couplings of the isotriplefp(770),
a;(1230)] and isosinglety w(782), f1(1282)] of vector
(177) and axial vector (1*) mesons, respectively. Al-
though we take their fields to transform accordindgstd(2)
in constructing their interactions, we take the physizairo
temperaturemasses of the multiplets of each of t8&J(3)

PHYSICAL REVIEW B6, 056008 (2002

where we have again contracted the two pion fields at the
vertices forming single pion loops. Finally the quadratic cou-
plings of the triplets with the singlets and between them-
selves are given bjl5],

LNVA)==2€,00 &&val’)\'agﬁ{— %W‘ffa}i'ﬁ”n‘

Far

(2.19

g
+F—3(9"‘p”~ (8, X 3,7~ 81,X d,7).

m

The coupling constants in the above interaction terms can be
determined from the decay rates of the parti¢le$,15.

There also appear two other spin-one mesioy(s170)
andb,(1235) having quantum numbers 1 [16]. But P and
C invariance forbids their appearance in our diagrafs.

The pseudoscaleBU(2) singletsz(547) andz’(985) also
have no couplings relevant for us. The scalaré400
—1200) anday(980) do have vertices for our diagrams, but
they do not contribute t®(T?), as do many of the vertices
written above. We shall omit the vertices with the scalars
altogether from our discussions to follow.

We comment here on the possibility of constructing a full-
fledged heavy meson chiral perturbation theory with an ef-
fective Lagrangian consisting of a string of terms with in-
creasing number of derivative@nd quark mass factors
Egs. (2.10, (2.14—(2.16 representing the leading term. It
would then yield all(vacuum) Green'’s functions as series in
powers of momenta, while the series for thermal averages
would be in powers of temperature. The difficulty here lies in
the existence of vertices likem, leading top decaying

octets to be degenerate. Then the couplings linear in the vedto two non-soft pions. It signals a possible breakdown of

tor meson fields are given by

Fp[( T2
LV)=—L1{[1

my| |7 122

ks

) Hv" (a,u,pv_ ﬂvl’,u)

1
+ F—&”a”- (0upy=3,p,) X 11]

w

ZGP " )
——L0,p, FEXI'T
mV T
V2H,,

_ Mm AV A, O
€ w"d"md
mVFw y32 ’

(2.14

while those linear in the axial vector meson fields are

Fa
L(A)z——l{(l—

Ma

T2
12F2

w

)a”a”- (d,2q,—3d,a1,)

m

\/EHf1
+

mAF7T

1
+ F—ﬂ“v"~(¢9ﬂa1,,—c9vam)><ﬁ]

€Eumotio’m ia’,

(2.195

the chiral perturbation expansion; at least, it questions the
evaluation of a quantity by its leading term.

However, this lack of a proper chiral perturbation theory
involving the vector and the axial vector mesons does not
concern us here. For the evaluation of the sum rules to the
leading order in temperature, it suffices to find the leading
terms of different quantities in the sum rules, even though
these terms alone do not represent their reliable estimates.

It is interesting to compare the Lagrangian written above
with the other well-known chiral Lagrangian involving the
vector and the axial-vector mesons, namely the one with
massive Yang-Mills or hidden-gauge bos¢@8,11]. It turns
out that such a formulation gives essentially the same terms
as we have obtained by imposing chiral symmetry alone,
only some of their couplings get relaté¢dl4]. Since these
relations are satisfied well by experimental data, this formu-
lation must be considered the same as ours.

C. Loop integrals

With the above interaction vertices we can write the Feyn-
man amplitudes for the correlation functions. A loop in the
diagrams makes a contribution of the form

4

d*k
Fw(q)=iCJ(2 )

71_4

f,,(q,KADKAF (g—k),
(2.1
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R ( )n R . n! ) FIG. 1. p _pole and constant

(@ ) © vertex correction.

where the particl&X can be a heavyspin ong meson or the  where o= (E?—mZ+m2)/2E. We now have the spectral
pion itself. The tensof ,, is given by the interaction vertices representation foF, given by an equation likg2.8), the
and any tensor structure m<X> Out of the interaction ver- integration running over the two cuts stated above.

tices we have isolated the coupling constantsc.irBeing If the particleX is also a pion, the leading term of the loop
gauge invariantF,, allows one to construct the invariant integral may again be found in the same way as we did
amplitudesF, ; in the same way as we did above Dy, . above for the heavy particle. However, to find the spectral

As we shall see below, the one-particle irreducible dia-representation foﬁ:O7 one must begin W|tﬁ¢0 and then

grams consist only of loop integrals lik&.17), while the  go to the limit. This evaluation is done in the Appendix.
reducible ones are given by such integrals multiplied with a

heavy particle poldof first or second ordér In the former
case we may evaluate directly the leading contribution of the ll. SPECTRAL REPRESENTATION
integral and then Borel transform. In the latter case it is more
systematic to use the exact spectral representation of the log
integral. We then Borel transform the resulting complete am:
plitude and extract its leading term.

Here we analyze the different one-loop Feynman dia-
rams for the correlation functions and extract the leading
thermal contributionsto orderT?) to the spectral side of the

. ; . . . sum rules. These diagrams are the same as those considered
Until now we have considered full amplitudes, including .

the corresponding vacuum amplitudes. Our thermal sum ' [15] to find the shifts in the pole parameters of fand

rules need only their temperature-dependent parts. So Wa(_:,l mesons. The difference lies in the evaluation of the dia-

evaluate only theséconvergent parts of the loop integrals, ﬁ?esrevghggtlv\\llg eg?elga:]%?/vﬂ\:\?emhg\&/lglfc)r ('jnotgg gf;g:]%ogh%%z_
but continue to denote them by the same symbols as for th P P ge sp

e momenta.
fullcaomg:gzngst the case whexeis a heavy particle of mass The diagrams for the correlation functions can be grouped

m,,, whose propagator is well approximated by the one mmto three types, namely those with intermediate states, ver-

. . . tex corrections and self-energies. To write the Feynman am-
vacuum. Let the full amplitude be given by just the loop litudes we anticipate the following gauge invariant tensors:
integral (2.17. Going over to the invariant amplitudes, its P P g gaug

thermal part is as
— 2_ 2
A/Lv(q)__guv+quqvlq _PMV+Q;LV/q ’

J d*k  8(k®—m2)n(k)

Fra)=— ; S f1.a,k),
(2m)* (@=k)"=my Buu(0,K) =02k, k, — - k(d,K, K, 0,) +(4-K)°,,,
(2.18 (3.
whose leading behavior for large spacelike momenta with
q=0 (g3=E?=—Q?<0) is given by (= VKk?+m?) C.(a.k)=q%,k,—a*(q-k)(q,k,+k,q,)+(q-k)?q,4q, .
F, (Q2 9:0)—> 2¢c J d®kn(k) f,(Q |I2|) We now consider the diagrams separately for the correlation
1874 Q%+ mﬁ' (2m)32w) LN IR functions of the vector and the axial vector currents. Al-

(2.19  though we need only th&-dependent parts of the diagrams
to orderT?, we shall write the pole amplitudes in full.
It is clear that only iff, (Q,|k|) is constant ink, is the
integral of orderT?; otherwise, it is of higher order.

To obtain the spectral representation of the loop integral _ _
for =0, we note that the cuts in tHe? plane in this case Here the pole and the one-loop diagrams are shown in
are given by &<E2<(my—m,)2 andE2>(my+m_)2. The  F19s. 1-4. _ o ,
imaginary parts across both these cuts are givefirby The p pole amplitude with its constant vertex corrections

(Fig. 1 is given by
JoZ—m?2

A. Vector current

ImF) (E)= ———"n(o)f (E,0) (220 ) F,\? ) q
8m’E Q)= ey 1_6?37 \Z/A,w (3.2
©,a,n M/Q"w '\F\N\@ln_‘)—\fv‘u’\/‘ wmvv—%w
(a)
FIG. 2. Intermediate state diagrams. FIG. 3. Vertex correction diagrams.
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@ {v)
FIG. 4. Self-energy diagrams.

The amplitudes for the intermediate state diagrdfig.

2) are generally of the form of Eq2.17). In the case of the
7 intermediate state, one has to include also the tadpole E2—

diagram of Fig. 2b) giving

4

T(q) =i f {(2k—q) ,(2k—q),A{D(k)

(2m)*
X A{D(q—k)—2ig,,, AP (K)}, (3.3
whose thermal part is
d*k  S8(k*—m2)n(k)
T (g)=A,(—20?) f .
g g (2m)3 (q—k)2-m]
T2
—>—€AW, (3.9

at large spacelike momenta. For the, intermediate state,

the amplitude is given by Eq2.17) with
c=2(F4, /MaF )%,
f#vzqz(qz_ZQ'k)Apﬂ/_B,uV1
getting
=E?(1, E?).
Then Eq.(2.19 gives
e ( ay ) (—Q%Q% T

Ma) Q2+m2 6F2

(3.9

The (Borel transforms of the amplitudes given by Egs.

PHYSICAL REVIEW B6, 056008 (2002

2
F, 4

My g2—m

(3.7)

RS
v

where A ,, is again a one-loop integral of the form of Eq.
(2.17. Consider now

2

SA(E?),
\Y

(3.9

where the invariant amplitudd (E?) satisfies the spectral
representation

12
AED)— J'ImA(E )dE

which may be used to write the expressi@®g) as

mgA (m)

dE'?E'?ImA(E’)
f ( (3.9

E2_m\2/ E/2_m\2/)(E/2_E2)’

separating the pole term from the one regular in the vicinity

of the pole. If we now go to large spacelilE#= —Q? and
take the Borel transform, it becomes

2 2 2
—m2+ E2e (EZ-m)/m?)

(3.10

e‘mi/MZJ dE2ImA (E)
M2 ) (E?-m)

whereM? is the Borel variable replacin@?.

Equations(3.9) and (3.10 allow us to compare how the
same amplitude behaves near the pole and at large spacelike
momenta in the form of the Borel transform. Consider the
vertex correction from theww loop for which c=
—(4\2H,9,/myF2) and the expressions fdr,, andf are
identical to those in Eqg3.6). Then we see that in E¢3.9)
A(m2)~O(T* and the second term is indeed finite
=m? (and of orderT?). Next consider the behavior of the
Borel transform(3.10. Because the branch point of the func-

(3.2,(3.4),(3.5) constitute all of the contributions to the spec- tion A(E?) also starts aE?= m%, its leading term is given
tral side of the sum rules. In the rest of this section we verifyby

that none of the remaining diagrams withw intermediate

state, vertex corrections and self-energies contribute to order
T2 to the sum rules. Clearly it suffices to show this behavior

for any one of the invariant amplitudes, s&y, and we omit
its subscript in the following.

For the mw intermediate state, the amplitude is again

given by Eq.(2.17) with
c=—-2(H,/myF )% f,,=0°k?A,,+B,,,
f=—2|k|?/3, (3.6)

where and belowf stands forf,. Then Eq.(2.19 shows
immediately that this amplitude is of ord&f.

e m 2/m2
mV \%

M2

(3.11)

dezlmA(E)

which is of orderT#. Thus toO(T?), the vertex correction
diagram with theww loop contributes neither to the pole
parameters nor to the Borel transform. Notice, however, that
while near the pole the second term in E8.9) can be ig-
nored, for large spacelike momenta both the terms assume
equal importance.

Consider next thera; loop with

Cc=- (4Fa193/mAFi),

Considering next the vertex corrections of Fig. 3, each of

the amplitudes is of the form

f,,=q%q-kA,,+B,,, f=E[K.

056008-5
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(b)

FIG. 5. 7 pole and cons

Again we see that @E2=m?, the residue (m2)~O(T%).
Here the branch point of (E?) is atE?=m3. So the Borel
transform is clearly of ordef“. As shown in the Appendix,
the 77 loop contribution is also at least of ord&f to the
pole residue and Borel transform.

Finally the self-energy diagrams of Fig. 4 can also be
analyzed in a similar way. Each of the diagrams contributes

an amplitude of the form

_( )q_
(62—mj)?

The self-energyll ,, is again of the form of Eq(2.17). Us-

ing the spectral representation for its invariant amplitudes

we get

dE’2(2E'2—m?)ImII(E')

(E'2=mj)?

4
FP

my I,.(9). (3.12

my

(E?—m)?

|
|

E4
Emyr 7

dE’ZImH(E’)+ mé
(E?—my

12 2 2 2

dE’2E’'*ImII(E")
(E/Z_m\ZI)Z(EIZ_ EZ) !

(3.13

_"O
ORVAN X

PHYSICAL REVIEW D 66, 056008 (2002

(e)

P YW Wt
(c) (d)

tant vertex corrections.

shift, but the residue does to ord&F [15]. On the other
hand, the Borel transforr{8.14), which simplifies to leading
order as

4

E2+m\2/+
2M*

1- VE

e—m\Z//MZJ’ dEZ

)ImH(E),

is clearly of ordeiT*. To summarize, the self-energy diagram
with the mo loop gives a correction to the pole residue to
order T2, but the Borel transform of the full amplitude has
no contribution to this order. By contrast, the old saturation
scheme would retain the correction to the residue also in the
Borel transform. It amounts to the neglect of the third, regu-
lar term in Eq.(3.13, which is of course justified near the
pole, but not for large spacelike momenta, where the pole
and the regular terms are not only of comparable magni-
tudes, but actually cancel each other in the leading order.
The mra; self-energy loop has

C:2(g3/F77)21 f

2
uv=B,,—C,,/my,

f=—|K|2(2+E%m3)/3.
We see that this amplitude contributes neither to the pole

position nor to the Borel transform t©(T?). The same is
the case with ther# loop as shown in the Appendix.

which is the appropriate expression to study the neighbor-

hood of the meson pole. If we now go to spacelike momenta

and take the Borel transform, we get

.

2

)2

! JdEZI II(E)
— m
M?2 E?2—m?

B. Axial-vector current

Here the Feynman diagrams are shown in Figs. 5-9. The
new feature here is the existence of the pion pole in addition
to the one for the axial vector mesan.

The 7 pole [Fig. 5@)] is modified by the vertex correc-
tions [Figs. 5b) and Fc)] and the self-energy correction

mZ  m - [Fig. 9@]. Using the effective Lagrangians given by Eq.
— > e M/M (2.13, the complete pole term in the chiral limit becomes
M2 E2—m{,
T2
2 2 m— g2 1—- —_
E _E2/Mm2 (3.14 T. Fﬂ,<l oF2 AL, (3.1
- . . ol
v

Consider first therw self-energy loop, whose evaluation
reveals the inadequacy of the old saturation scheme. For th
loop we havec=4(g; /F ,)? and the expressions féy,, and
f are again given by Eq<3.6). Near the meson pole, the
three integrals in Eq:3.13 are all finite and are of orddr?,

T2 and T?, respectively. Thus the pole position does not

n
2

(@)

a;

(b)

.......
''''''''''

where we also include the contact diagrams of Figd) &nd
5(e). The a; pole with vertex corrections of Fig. 6 is given

4
)qzi—mA (3.16

2 P

6F2 2

w

2y

(c)

FIG. 6. a; pole and constant vertex corrections.
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7
) ,L‘ )
.~ - -, - a a
A A SRR NA) L — B ot e — L L
KRR R WAWAW, LTINS X VAN
(a) b)

) ) FIG. 9. Self-energy diagrams.
FIG. 7. Intermediate state diagrams.

The contribution of therp intermediate state of Fig. 7 to the [ J d*x €9XT Va(x)V5(0))
invariant amplituded’, ; are given by
8
Hﬁab(—g +q,uqv) ™ <OA>'

“ P )3Qf

Fﬂ%li(—Q%Qﬂ 317

Tll,tﬁp):(_ 2 2 2
My/ 6FZ Q°+my
if d*x €9X(T A%(x)AS(0))
As in the case of the vector current correlation function, one

can show that none of the remaining diagrams contribute to q,d,| 87
orderT? at large spacelike momenta. — | —g,,+ 5 3—Q4<OV), (4.2
q
IV. SUM RULES where
We now turn to the operator side of the sum rules. Up to S

dimension six, the Lorentz scalar operators appearing in the Ov=asy,~ 3497+ 5 d

short distance expansion of the product of two currentd are

myad, G,,G*” and two four-quark operatofd7]. Of the c ¢
T — T

latter two, one arises from the Taylor expansion of the quark

bilocal operators arising in the Wick expansion of the cur-

rents. This piece turns out to be isospin scalar. The other

four-quark operator arises from the Feynman diagram to se@nd as=g2/4 is the strong interaction fine structure con-

ond order in QCD perturbation expansion, where the largetant.

external momentum flows through the internal gluon [ibp The thermal average of any operator may be expanded as
In the medium there are additional operators, which are

Lorentz non-scalars in the rest frame of the heat bath. They d3kn(k) a a

can, of course, be written as Lorentz scalars in a generafo>:<0|0|0>+§ fmw (K[Of (k) +- -,

frame by using the four-velo_city vectar, . They first appear k 4.2

as dimension four, which amgiq, u“u”@LV andu“u’@®? _ _ o _

where@L*g are the energy momentum tensors of the quarkvhere the sum is over the isospin indices of the pion. The

v

and gluon, respectively. More such operators arise at dimeriOn matrix elements oDy , are easily worked out using
sions five and six, but generally contain derivatives. PCAC (partially conserved axial-vector currg¢rgnd current

In the process of subtracting out the vacuum sum rule télgebra to get

extract terms of ordeF?, the unit operator drops outnqaq T2
also drops out in the chiral limit. The isospin scalar four- (Oy A)=(0|0y 4|0)F—(0|Oy—0,|0).
guark operator cannot have a temperature dependence in the ’ ' 727
chiral limit [3] . The operatoqiiq does not contribute, as we

do not have the non-zero chemical potential for the fermionsfunlétliznngwesnl?aﬁ)tli?] tothvérgirtgﬁr?;g}gﬁffoﬁgeasczgﬁgtgn i
The thermal expectation value Gf,,G*”, @LV and®?  are yed 9 P P

4 . resentation to the operator product expansion. It turns out
all of ordng [‘.1]' Also the expectation values 2°f Other 0p- at hoth the vector and the axial vector correlation functions
erators with derivativis) are of higher order thah“, as each

derivative gives rise to an additional power in pion momen-glve rise to the same sum rulgss]:
tum in their pion matrix elements. - - -
Thus we are left with only the isospin non-scalar four —F2e™™/M"1+F2 e"™YM"+ F2= — —(0]|0y—0,/0),
quark operator as the relevant one for our sum rules. Their ! 3m*
Wilson coefficients are knowfi],

Ona=ady,vs 5497 vs 50,

2002 2002 8’77
i . —mgF2e"m/M +m,§F§le‘mA’M =—3M2<0|OV—OA|O).

(@) () _ . .
It is interesting to observe that these sum rules are nothing

FIG. 8. Vertex correction diagrams. but the vacuum sum rules derived from the difference of the
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APPENDIX
Fi_ Fil_ Fi=0, Some care is necessary in constructing the spectral repre-
sentation for ther s loop forﬁ=0. The loop integral gives
rise to cuts in thqu plane for arbitraryi extending over O
<q2<|q|? (short cup and g3>4(m2+|q|?) (unitary cuj.
As ﬁeo the short cut shrinks to a point. But the spectral

originally derived by Weinberd19] as superconvergence function can be singular in this limit, so that the part of the
sum rules for the difference of the spectral functions. spectral representation due to this cut may be non-vanishing.
Consider first ther# loop in the vertex diagram. It gives

an amplitude of the form of Eq3.7), where

m{F2—miF3 =0, (4.4

V. CONCLUDING REMARKS M

In this work we have obtained the sum rules following A,W(Q)=i0f —— fu(a0AP(KAD(g-k),
from the two point functions of the vector current and the (2m)
axial vector current at finite temperature. For a reliable esti-
mate, we calculate their spectral sides using the chiral Lag;,
grangian. The resulting Feynman diagrafiwsone loop can
be readily evaluated for their leading thermal contributions. c=(4G F,/miF2)

Though there is a multitude of diagrams to begin with, prpt N
only a few of these actually contribute to ordEt. This is
due to the presence of derivatives on the pion fields in the
interaction vertices as required by chiral symmetry. Among,
the diagrams, there is a one-particle reducible, self—energge obtained directly by integrating ovis. But, unlike the
diagram, whose contribution at spacelike momenta is zero Qse of loops with one pion and one héavy p’yarticle the an-
order T2, but the old saturation scheme would derive from '

this diagram a shift to this order in the residue of the mesorfgUlar intégration in the resulting integral ovegives rise to

pole. a 6-function constraining the limits ofk|. The imaginary
The older strategy of determining the temperature deperiart of the invariant amplitudes may then be worked out to

dence of the pole parameters from such sum rules is ndive

relevant anymore, as we have already included the diagrams

responsible for this dependence in our calculation of the ImA, 1 +1 —g12

spectral functions. Our evaluation reproduces the sum rules ImA, :WJ —q%6

which follow from the vacuum correlation functions them-

(A1)

f,uV: (qM_ 2kM)(q2kV_ q- kqv)

s in Sec. Il the imaginary part of the amplitude may again

-1

selves. 2
The present saturation scheme has been used also for the X1+ W) , q2> 0, (A2
nucleon correlation function at finite temperature, again re- € -1

producing the results obtainable from the corresponding
vacuum correlation functior(6,7]. Thus we now have and
enough confirmation of the correctness of the QCD sum
rules in a medium. ImA, 1 (= [—9%%2
Can we genewresults from the sum rules in a medium? ImA, =mf —q'l6
It would seem that we are merely reproducing the old results
in a more complicated way: What one could have from ( 1 1 )

1

single particle exchange diagrams in vacuum are now de-
rived from one-loop diagrams at finite temperature. But we
do not believe the situation to be always so. Indeed, having 2

g°<o0. (A3)
been assured of the correct procedure to saturate the spectral
side, we may apply the sum rule technique to other media,

such as the nuclear medium, by introducing the nucleon n(?rt])etzzuigltgig(cﬂ; t;ﬁgﬁg::'S‘r:rcgsthghseif:ngiree[f tra?ns-
chemical potential. There are no reliable estimates of highe ! q Lo 9 o
orms will have no contributions t®(T<). But on the short

dimension operators like the four-quark operators in suc } ) - .
media. It is these quantities which should be readily availCut thex integrals diverge ag—0. Let us then consider the
able from such sum rules. full Borel transformed amplitude witg#0,

eBldx—a02_1  ghlldx+ag2_q
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A, _ijld\zd 20 ciM? ImA,
At _M2 0 qO ImAt ’

Defining new variablea andu by go=\|q| and|q|x=u, it
becomes

(Ad)

(Au) gl
Ay 8(2m)2M?

F ( (1—A?)u?2 )
X | .du - -D
al \ —(1-A?)?|q|*6

J‘ld)\2ei}\2|a|2/Mz)\
0

(A5)

where

PHYSICAL REVIEW B6, 056008 (2002

oo 1 1 1
T [g) | eBumNabz_ g gButAaDZ |

2d ! 6
T 2du| gpn_y ) (A6)

as|g|—0. Thus the short cut also cannot contribute dor
=0.

The 77 loop in the self-energy correction is given by Eq.
(3.12 where I, is of the form of Eqg.(Al) with ¢
=(2Gp/mVF727)2 andf,,=C,,. From the previous treat-
ment it is clear that this amplitude again does not lead to any
corrections ofO(T?).
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