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Thermal QCD sum rules for mesons
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A recently proposed scheme is used to saturate the spectral side of the QCD sum rules derived from the
thermal, two-point correlation functions of the vector and the axial-vector currents. At low temperature, it
constructs the spectral representation from all the one-loop Feynman diagrams for the two-point functions. The
old saturation scheme treats incorrectly some of these contributions. We end up with the familiar QCD sum
rules obtained from the difference of the two correspondingvacuumcorrelation functions. The possibility of
obtaining new sum rules in other media is discussed.
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I. INTRODUCTION

In their original work extending the vacuum QCD su
rules @1# to those at finite temperature, Bochkarev a
Shaposhnikov@2# recognized the importance of multipartic
~branch cuts! contributions in addition to those of single pa
ticles ~poles! in constructing the spectral representation
thermal two-point functions. Thus for the vector current c
relation function, they included not only ther pole with
temperature-dependent residue and position, but also thepp
continuum. In the same way the spectral representation
the nucleon current correlation function would consist of
nucleon pole with temperature-dependent parameters an
pN continuum. Although such a saturation scheme is qu
suggestive and had been extensively used in the past@3,4#, it
lacks a theoretical basis, leaving one to suspect if so
equally important contributions are left out.

A definitive saturation scheme emerged with the work
Leutwyler and Smilga@5#, who calculated the nucleon cu
rent correlation function in chiral perturbation theory. Bei
interested in the shifts of the nucleon pole parameters at
temperature, they considered all the one-loop Feynman
grams for the correlation function and evaluated them in
vicinity of the nucleon pole. Koike@6# examined the contri-
butions of these diagrams in the context of QCD sum ru
He found a new contribution arising from the nucleon se
energy diagram to the sum rules, not required in the sat
tion scheme mentioned above.

The one-loop Feynman diagrams for the nucleon corr
tion function were further analyzed in Ref.@7#. In this set of
diagrams for the correlation function, one has not only d
grams with the~single particle! pole alone and the~two par-
ticle! branch points alone, but also other~one particle reduc-
ible! diagrams, appearing as a product of factors with
pole and the branch cut. As an example, take the case
vertex correction diagram having this product structure
may be expressed as the sum of the pole term with cons
residue and a remainder, regular at the pole. Clearly to
the pole parameters one may confine oneself to the pole
alone. But if one wishes to evaluate the diagram for la
spacelike momenta—the region of relevance for the Q
0556-2821/2002/66~5!/056008~9!/$20.00 66 0560
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sum rules—both the pole and the remainder become of c
parable magnitude. It is these remainder terms which are
included in the earlier saturation scheme.

In this paper we write down the thermal QCD sum rul
following from the vector current and the axial vector curre
correlation functions, constructing the spectral side from
set of all one-loop Feynman diagrams. At low temperat
only the distribution function of the pions is significant in th
heat bath. Thus, of the two particles in the loop, at least
must be a pion, the other being any one of the strongly
teracting particles with appropriate quantum numbers in
low mass region. The vertices occurring in the diagrams
be obtained from the chiral symmetry of QCD alone@8,9#, as
well as from other related formulations, assuming additio
symmetries@10,11#. A priori, the Lagrangian with the chira
symmetry alone is singled out, if we claim the sum rules
follow from QCD.

As with the nucleon sum rules@7#, we subtract out the
vacuum sum rules from the corresponding full sum rules
finite temperature, equating, in effect, terms ofO(T2) on
both sides. All our calculations are done in the chiral sy
metry limit, though we keep nonvanishing pion mass in
termediate steps.

In Sec. II we collect some results to be used later. In S
III we analyze the one-loop Feynman diagrams to constr
the spectral representation for the correlation functions.
Sec. IV we use the known results of operator product exp
sion and write the sum rules. Finally our concluding rema
are contained in Sec. V.

II. PRELIMINARIES

Here we review briefly the kinematics of the two poi
correlation functions of the vector and the axial-vector c
rents. Then we write the leading interaction vertices allow
by the chiral symmetry of QCD and calculate the loop in
grals we shall meet in our work.

A. Kinematics

Consider the two thermal correlation functions,

Tmn
ab5 i E d4xeiq•xTr%TVm

a ~x!Vn
b~0! ~2.1!
©2002 The American Physical Society08-1
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and

Tmn8ab5 i E d4xeiq•xTr%T Am
a ~x!An

b~0! ~2.2!

of the vector and the axial vector currents,

Vm
a ~x!5q̄~x!gm

ta

2
q~x!, Am

a ~x!5q̄~x!gmg5

ta

2
q~x!,

generated by theSU(2) flavor symmetry group of the QCD
Lagrangian. Here ta are the Pauli matrices and%
5e2bH/Tre2bH is the thermal density matrix of QCD a
temperatureT51/b. Note that in the limit of chiral symme
try, in which we shall work, the axial vector current is al
conserved and the kinematics, in particular, the invariant
composition is the same for both the correlation function

The current conservation leads to the invariant decom
sition

Tmn
ab~q!5dab~PmnTt1QmnTl !, ~2.3!

where the gauge invariant tensors are chosen as

Pmn52gmn1
qmqn

q2
2

q2

q̄2
ũmũn , Qmn5

q4

q̄2
ũmũn ,

with ũm5um2vqm /q2, whereum is the four-velocity of the
medium andv and q̄ are Lorentz invariant scalars,v5u

•q and q̄5Av22q2, representing the time and space co
ponents ofqm in the rest frame of the heat bath (u051, uW
50). The invariant amplitudes are functions of the sca
variables, say,q2 andv. They can be conveniently extracte
from the Feynman diagrams by forming the scalars,

T15gmnTmn , T25umunTmn , ~2.4!

which are simply related to the invariant amplitudes.
Having cast the kinematics in a Lorentz invariant for

we choose to do calculations in the rest frame of the h
bath. The kinematic decomposition~2.3! leads to a constrain
on the invariant amplitudes which in this frame reads as

Tt~q0 ,qW 50!5q0
2Tl~q0 ,qW 50!. ~2.5!

Using this equation, the two sets of amplitudesTl ,t andT1,2

can be related forqW 50 as

Tl5
1

q̄2
T2 , Tt52

1

3
T1 . ~2.6!

Note also the symmetry of the imaginary parts of the am
tudes,

ImTl ,t~2q0 ,qW 50!5ImTl ,t~q0 ,qW 50!. ~2.7!

In the real time thermal field theory that we are going
use here, each of the above amplitudes stands for a 232
matrix, whose components depend on a single analytic fu
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e-

o-

-

r

,
at

i-

c-

tion @12#. This function, in turn, is determined completely b
the 11-component function itself: Their real parts are eq
and the imaginary part of the former equalsp21tanh(bq0/2)
times that of the latter.~The factorp21 is inserted for con-
venience.! To avoid further symbols, we henceforth redefi
T to denote this analytic function. Its spectral representat
at fixedqW is given by

Tl ,t~q0
2 ,qW !5E

0

`dq08
2ImTl ,t~q08 ,qW !

q08
22q0

22 i e
. ~2.8!

B. Dynamics

Here we write down the chirally symmetric effective La
grangian involving pions and spin one mesons. To calcu
the correlation functions we also introduce external fie
vm

a (x) and am
a (x) coupled to the currentsVm

a (x) and Am
a (x)

@8#, extending the original QCD Lagrangian as

LQCD→LQCD1vm
a ~x!Va

m~x!1am
a ~x!Aa

m~x!.

The resulting interaction vertices are obtained in Re
@13,14# for the chiral symmetry groupSU(3)R3SU(3)L .

At low temperature the pions dominate the heat bath.
thus consider the reduced symmetrySU(2)R3SU(2)L and
write down the relevant pieces of the chiral couplings
pions with themselves, the external fields and the other
served particles, to be encountered in the one-loop diagr
@15#. These are given by

Lint~p,v,a!5L~p!1Lv~p!1La~p! ~2.9!

where

L~p!52
1

6Fp
2 ~p•p]mp•]mp2p•]mpp•]mp!,

Lv~p!5vm•p3]mp

1
1

2
~p•pvm•vm2vm•pvm

•p!, ~2.10!

La~p!5
1

2
Fp

2 am•am2Fpam•]mp

2
1

2
~p•pam•am2am•pam

•p!

1
2

3Fp
~p•p]mp•am2p•]mpp•am!,

the letters in boldface denoting isospin vectors. Since we
considering thermal corrections to one loop only, we m
already evaluate the single pion loops generated by the ab
interaction vertices. Such a loop is given by the 1
component of the thermal pion propagator formed by c
tracting the two pion fields without derivatives in such ve
tices,
8-2
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D11
(p)~k!5

i

k22mp
2

12pd~k22mp
2 !n~k!, ~2.11!

where n(k0)5(ebuk0u21)21 is the Bose distribution func
tion. Then the thermal part of the loop is given by

Tr%Tpa~x!pb~x!u11→dabE d4k

~2p!3
n~k0!d~k22mp

2 !

5dab
T2

12
, ~2.12!

in the chiral limit. Thus we can writeL(p) andLa(p) as the
effective two-point vertices,

L~p!52
T2

36Fp
2

]mp•]mp,

La~p!5
Fp

2

2 S 12
T2

6Fp
2 D am•am2FpS 12

T2

9Fp
2 D am•]mp.

~2.13!

Next, we write the couplings of the isotriplets@r(770),
a1(1230)] and isosinglets@v(782), f 1(1282)] of vector
(122) and axial vector (111) mesons, respectively. Al
though we take their fields to transform according toSU(2)
in constructing their interactions, we take the physical~zero
temperature! masses of the multiplets of each of theSU(3)
octets to be degenerate. Then the couplings linear in the
tor meson fields are given by

L~V!5
Fr

mV
H S 12

T2

12Fp
2 D ]mvn

•~]mrn2]nrm!

1
1

Fp
]man

•~]mrn2]nrm!3pJ
2

2Gr

mVFp
2

]mrn•]mp3]np

2
A2Hv

mVFp
emnlsvm]np•]lvs, ~2.14!

while those linear in the axial vector meson fields are

L~A!52
Fa1

mA
H S 12

T2

12Fp
2 D ]man

•~]ma1n2]na1m!

1
1

Fp
]mvn

•~]ma1n2]na1m!3pJ
1

A2H f 1

mAFp
emnls f 1

m]np•]las, ~2.15!
05600
c-

where we have again contracted the two pion fields at
vertices forming single pion loops. Finally the quadratic co
plings of the triplets with the singlets and between the
selves are given by@15#,

L~V,A!522emnlsS g1

Fp
]mvnrl

•]sp1
g2

Fp
]m f 1

na1
l
•]spD

1
g3

Fp
]mrn

•~a1m3]np2a1n3]mp!. ~2.16!

The coupling constants in the above interaction terms can
determined from the decay rates of the particles@14,15#.

There also appear two other spin-one mesonsh1(1170)
andb1(1235) having quantum numbers 112 @16#. But P and
C invariance forbids their appearance in our diagrams@13#.
The pseudoscalarSU(2) singletsh(547) andh8(985) also
have no couplings relevant for us. The scalarss(400
21200) anda0(980) do have vertices for our diagrams, b
they do not contribute toO(T2), as do many of the vertice
written above. We shall omit the vertices with the scala
altogether from our discussions to follow.

We comment here on the possibility of constructing a fu
fledged heavy meson chiral perturbation theory with an
fective Lagrangian consisting of a string of terms with i
creasing number of derivatives~and quark mass factors!,
Eqs. ~2.10!, ~2.14!–~2.16! representing the leading term.
would then yield all~vacuum! Green’s functions as series i
powers of momenta, while the series for thermal avera
would be in powers of temperature. The difficulty here lies
the existence of vertices likerpp, leading tor decaying
into two non-soft pions. It signals a possible breakdown
the chiral perturbation expansion; at least, it questions
evaluation of a quantity by its leading term.

However, this lack of a proper chiral perturbation theo
involving the vector and the axial vector mesons does
concern us here. For the evaluation of the sum rules to
leading order in temperature, it suffices to find the lead
terms of different quantities in the sum rules, even thou
these terms alone do not represent their reliable estimat

It is interesting to compare the Lagrangian written abo
with the other well-known chiral Lagrangian involving th
vector and the axial-vector mesons, namely the one w
massive Yang-Mills or hidden-gauge bosons@10,11#. It turns
out that such a formulation gives essentially the same te
as we have obtained by imposing chiral symmetry alo
only some of their couplings get related@14#. Since these
relations are satisfied well by experimental data, this form
lation must be considered the same as ours.

C. Loop integrals

With the above interaction vertices we can write the Fe
man amplitudes for the correlation functions. A loop in t
diagrams makes a contribution of the form

Fmn~q!5 icE d4k

~2p!4
f mn~q,k!D11

(p)~k!D11
(X)~q2k!,

~2.17!
8-3
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FIG. 1. r pole and constant
vertex correction.
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where the particleX can be a heavy~spin one! meson or the
pion itself. The tensorf mn is given by the interaction vertice
and any tensor structure inD11

(X) . Out of the interaction ver-
tices we have isolated the coupling constants inc. Being
gauge invariant,Fmn allows one to construct the invarian
amplitudesFl ,t in the same way as we did above forTmn .

As we shall see below, the one-particle irreducible d
grams consist only of loop integrals like~2.17!, while the
reducible ones are given by such integrals multiplied wit
heavy particle pole~of first or second order!. In the former
case we may evaluate directly the leading contribution of
integral and then Borel transform. In the latter case it is m
systematic to use the exact spectral representation of the
integral. We then Borel transform the resulting complete a
plitude and extract its leading term.

Until now we have considered full amplitudes, includin
the corresponding vacuum amplitudes. Our thermal s
rules need only their temperature-dependent parts. So
evaluate only these~convergent! parts of the loop integrals
but continue to denote them by the same symbols as for
full amplitudes.

Consider first the case whereX is a heavy particle of mas
mH , whose propagator is well approximated by the one
vacuum. Let the full amplitude be given by just the loo
integral ~2.17!. Going over to the invariant amplitudes, i
thermal part is as

Fl ,t~q!52cE d4k

~2p!3

d~k22mp
2 !n~k!

~q2k!22mH
2

f l ,t~q,k!,

~2.18!

whose leading behavior for large spacelike momenta w

qW 50 (q0
25E252Q2,0) is given by (vk5AkW21mp

2 )

Fl ,t~Q2,qW 50!→ 2c

Q21mH
2 E d3kn~k!

~2p!32vk

f l ,t~Q,ukW u!.

~2.19!

It is clear that only if f l ,t(Q,ukW u) is constant inkW , is the
integral of orderT2; otherwise, it is of higher order.

To obtain the spectral representation of the loop integ
for qW 50, we note that the cuts in theE2 plane in this case
are given by 0,E2,(mH2mp)2 andE2.(mH1mp)2. The
imaginary parts across both these cuts are given by@7#

ImFl ,t~E!5
Av22mp

2

8p2E
n~v! f l ,t~E,v! ~2.20!

FIG. 2. Intermediate state diagrams.
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where v5(E22mH
2 1mp

2 )/2E. We now have the spectra
representation forFl ,t given by an equation like~2.8!, the
integration running over the two cuts stated above.

If the particleX is also a pion, the leading term of the loo
integral may again be found in the same way as we
above for the heavy particle. However, to find the spec
representation forqW 50, one must begin withqW Þ0 and then
go to the limit. This evaluation is done in the Appendix.

III. SPECTRAL REPRESENTATION

Here we analyze the different one-loop Feynman d
grams for the correlation functions and extract the lead
thermal contributions~to orderT2) to the spectral side of the
sum rules. These diagrams are the same as those consi
in @15# to find the shifts in the pole parameters of ther and
a1 mesons. The difference lies in the evaluation of the d
grams: While we evaluated them earlier in the neighborho
of the respective poles, now we have to do so at large sp
like momenta.

The diagrams for the correlation functions can be group
into three types, namely those with intermediate states,
tex corrections and self-energies. To write the Feynman
plitudes we anticipate the following gauge invariant tenso

Amn~q!52gmn1qmqn /q25Pmn1Qmn /q2,

Bmn~q,k!5q2kmkn2q•k~qmkn1kmqn!1~q•k!2gmn ,
~3.1!

Cmn~q,k!5q4kmkn2q2~q•k!~qmkn1kmqn!1~q•k!2qmqn .

We now consider the diagrams separately for the correla
functions of the vector and the axial vector currents. A
though we need only theT-dependent parts of the diagram
to orderT2, we shall write the pole amplitudes in full.

A. Vector current

Here the pole and the one-loop diagrams are shown
Figs. 1–4.

The r pole amplitude with its constant vertex correctio
~Fig. 1! is given by

Tmn
(r)~q!52S Fr

mV
D 2S 12

T2

6Fp
2 D q4

q22mV
2

Amn . ~3.2!

FIG. 3. Vertex correction diagrams.
8-4
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The amplitudes for the intermediate state diagrams~Fig.
2! are generally of the form of Eq.~2.17!. In the case of the
pp intermediate state, one has to include also the tadp
diagram of Fig. 2~b! giving

Tmn
(pp)~q!5 i E d4k

~2p!4
$~2k2q!m~2k2q!nD11

(p)~k!

3D11
(p)~q2k!22igmnD11

(p)~k!%, ~3.3!

whose thermal part is

Tmn
(pp)~q!5Amn~22q2!E d4k

~2p!3

d~k22mp
2 !n~k!

~q2k!22mp
2

→2
T2

6
Amn , ~3.4!

at large spacelike momenta. For thepa1 intermediate state
the amplitude is given by Eq.~2.17! with

c52~Fa1
/mAFp!2,

f mn5q2~q222q•k!Amn2Bmn ,

getting

f l ,t5E2~1, E2!.

Then Eq.~2.19! gives

Tl ,t
(pa1)→S Fa1

mA
D 2

~2Q2,Q4!

Q21mA
2

•

T2

6Fp
2

. ~3.5!

The ~Borel transforms of the! amplitudes given by Eqs
~3.2!,~3.4!,~3.5! constitute all of the contributions to the spe
tral side of the sum rules. In the rest of this section we ve
that none of the remaining diagrams withpv intermediate
state, vertex corrections and self-energies contribute to o
T2 to the sum rules. Clearly it suffices to show this behav
for any one of the invariant amplitudes, sayTl , and we omit
its subscript in the following.

For the pv intermediate state, the amplitude is aga
given by Eq.~2.17! with

c522~Hv /mVFp!2, f mn5q2k2Amn1Bmn ,

f 522ukW u2/3, ~3.6!

where and belowf stands for f l . Then Eq.~2.19! shows
immediately that this amplitude is of orderT4.

Considering next the vertex corrections of Fig. 3, each
the amplitudes is of the form

FIG. 4. Self-energy diagrams.
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Fr

mV

q2

q22mV
2

Lmn , ~3.7!

whereLmn is again a one-loop integral of the form of Eq
~2.17!. Consider now

E2

E22mV
2

L~E2!, ~3.8!

where the invariant amplitudeL(E2) satisfies the spectra
representation

L~E2!5E ImL~E8!dE82

E822E2
,

which may be used to write the expression~3.8! as

mV
2L~mV

2 !

E22mV
2

1E dE82E82ImL~E8!

~E822mV
2 !~E822E2!

, ~3.9!

separating the pole term from the one regular in the vicin
of the pole. If we now go to large spacelikeE252Q2 and
take the Borel transform, it becomes

e2mV
2 /M2

M2 E dE2ImL~E!

~E22mV
2 !

~2mV
21E2e2(E22mV

2)/M2
!,

~3.10!

whereM2 is the Borel variable replacingQ2.
Equations~3.9! and ~3.10! allow us to compare how the

same amplitude behaves near the pole and at large spac
momenta in the form of the Borel transform. Consider t
vertex correction from thepv loop for which c5
2(4A2Hvg1 /mVFp

2 ) and the expressions forf mn and f are
identical to those in Eqs.~3.6!. Then we see that in Eq.~3.9!
L(mV

2);O(T4) and the second term is indeed finite atE2

5mV
2 ~and of orderT2). Next consider the behavior of th

Borel transform~3.10!. Because the branch point of the fun
tion L(E2) also starts atE25mV

2 , its leading term is given
by

S 12
mV

2

M2D e2mV
2 /M2

M2 E dE2ImL~E!, ~3.11!

which is of orderT4. Thus toO(T2), the vertex correction
diagram with thepv loop contributes neither to the pol
parameters nor to the Borel transform. Notice, however, t
while near the pole the second term in Eq.~3.9! can be ig-
nored, for large spacelike momenta both the terms ass
equal importance.

Consider next thepa1 loop with

c52~4Fa1
g3 /mAFp

2 !,

f mn5q2q•kAmn1Bmn , f 5EukW u.
8-5



S. MALLIK AND SOURAV SARKAR PHYSICAL REVIEW D 66, 056008 ~2002!
FIG. 5. p pole and constant vertex corrections.
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Again we see that atE25mV
2 , the residueL(mV

2);O(T4).
Here the branch point ofL(E2) is at E25mA

2 . So the Borel
transform is clearly of orderT4. As shown in the Appendix
the pp loop contribution is also at least of orderT4 to the
pole residue and Borel transform.

Finally the self-energy diagrams of Fig. 4 can also
analyzed in a similar way. Each of the diagrams contribu
an amplitude of the form

2S Fr

mV
D 2

•

q4

~q22mV
2 !2

Pmn~q!. ~3.12!

The self-energyPmn is again of the form of Eq.~2.17!. Us-
ing the spectral representation for its invariant amplitud
we get

E4

~E22mV
2 !2

P~E!5
mV

4

~E22mV
2 !2E dE82ImP~E8!

E822mV
2

1
mV

2

E22mV
2

3E dE82~2E822mV
2 !ImP~E8!

~E822mV
2 !2

1E dE82E84ImP~E8!

~E822mV
2 !2~E822E2!

, ~3.13!

which is the appropriate expression to study the neighb
hood of the meson pole. If we now go to spacelike mome
and take the Borel transform, we get

1

M2E dE2ImP~E!F H 12S E2

E22mV
2 D 2

1
mV

2

M2

mV
2

E22mV
2J e2mV

2 /M2

1S E2

E22mV
2 D 2

e2E2/M2G . ~3.14!

Consider first thepv self-energy loop, whose evaluatio
reveals the inadequacy of the old saturation scheme. For
loop we havec54(g1 /Fp)2 and the expressions forf mn and
f are again given by Eqs.~3.6!. Near the meson pole, th
three integrals in Eq.~3.13! are all finite and are of orderT4,
T2 and T2, respectively. Thus the pole position does n
05600
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is

t

shift, but the residue does to orderT2 @15#. On the other
hand, the Borel transform~3.14!, which simplifies to leading
order as

e2mV
2 /M2E dE2S 12

E21mV
2

M2
1

E4

2M4D ImP~E!,

is clearly of orderT4. To summarize, the self-energy diagra
with the pv loop gives a correction to the pole residue
order T2, but the Borel transform of the full amplitude ha
no contribution to this order. By contrast, the old saturat
scheme would retain the correction to the residue also in
Borel transform. It amounts to the neglect of the third, reg
lar term in Eq.~3.13!, which is of course justified near th
pole, but not for large spacelike momenta, where the p
and the regular terms are not only of comparable mag
tudes, but actually cancel each other in the leading orde

The pa1 self-energy loop has

c52~g3 /Fp!2, f mn5Bmn2Cmn /mA
2 ,

f 52ukW u2~21E2/mA
2 !/3.

We see that this amplitude contributes neither to the p
position nor to the Borel transform toO(T2). The same is
the case with thepp loop as shown in the Appendix.

B. Axial-vector current

Here the Feynman diagrams are shown in Figs. 5–9.
new feature here is the existence of the pion pole in addi
to the one for the axial vector mesona1.

The p pole @Fig. 5~a!# is modified by the vertex correc
tions @Figs. 5~b! and 5~c!# and the self-energy correctio
@Fig. 9~a!#. Using the effective Lagrangians given by E
~2.13!, the complete pole term in the chiral limit becomes

Tmn8(p)52Fp
2 S 12

T2

6Fp
2 D Amn , ~3.15!

where we also include the contact diagrams of Figs. 5~d! and
5~e!. The a1 pole with vertex corrections of Fig. 6 is give
by

Tmn
8(a1)

52S Fa1

mA
D 2S 12

T2

6Fp
2 D q4

q22mA
2

Amn . ~3.16!
FIG. 6. a1 pole and constant vertex corrections.
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THERMAL QCD SUM RULES FOR MESONS PHYSICAL REVIEW D66, 056008 ~2002!
The contribution of thepr intermediate state of Fig. 7 to th
invariant amplitudesTl ,t are given by

Tl ,t8(pr)5S Fr

mV
D 2 T2

6Fp
2

~2Q2,Q4!

Q21mV
2

. ~3.17!

As in the case of the vector current correlation function, o
can show that none of the remaining diagrams contribut
orderT2 at large spacelike momenta.

IV. SUM RULES

We now turn to the operator side of the sum rules. Up
dimension six, the Lorentz scalar operators appearing in
short distance expansion of the product of two currents ar1,
mqq̄q, GmnGmn and two four-quark operators@17#. Of the
latter two, one arises from the Taylor expansion of the qu
bilocal operators arising in the Wick expansion of the c
rents. This piece turns out to be isospin scalar. The o
four-quark operator arises from the Feynman diagram to
ond order in QCD perturbation expansion, where the la
external momentum flows through the internal gluon line@1#.

In the medium there are additional operators, which
Lorentz non-scalars in the rest frame of the heat bath. T
can, of course, be written as Lorentz scalars in a gen
frame by using the four-velocity vectorum . They first appear
as dimension four, which areq̄u”q, umunQmn

f andumunQmn
g ,

whereQmn
f ,g are the energy momentum tensors of the qu

and gluon, respectively. More such operators arise at dim
sions five and six, but generally contain derivatives.

In the process of subtracting out the vacuum sum rule
extract terms of orderT2, the unit operator drops out.mqq̄q
also drops out in the chiral limit. The isospin scalar fou
quark operator cannot have a temperature dependence i
chiral limit @3# . The operatorq̄u”q does not contribute, as w
do not have the non-zero chemical potential for the fermio
The thermal expectation value ofGmnGmn, Qmn

f andQmn
g are

all of orderT4 @4#. Also the expectation values of other o
erators with derivative~s! are of higher order thanT2, as each
derivative gives rise to an additional power in pion mome
tum in their pion matrix elements.

Thus we are left with only the isospin non-scalar fo
quark operator as the relevant one for our sum rules. T
Wilson coefficients are known@1#,

FIG. 8. Vertex correction diagrams.

FIG. 7. Intermediate state diagrams.
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i E d4x eiq•x^T Vm
a ~x!Vn

b~0!&

→dabS 2gmn1
qmqn

q2 D 8p

3Q4
^OA&,

i E d4x eiq•x^T Am
a ~x!An

b~0!&

→dabS 2gmn1
qmqn

q2 D 8p

3Q4
^OV&, ~4.1!

where

OV5asq̄gm

tc

2

t i

2
qq̄gm

tc

2

t i

2
q,

OA5asq̄gmg5

tc

2

t i

2
qq̄gmg5

tc

2

t i

2
q,

and as5gs
2/4p is the strong interaction fine structure co

stant.
The thermal average of any operator may be expande

^O&5^0uOu0&1(
a
E d3kn~k!

~2p!32vk

^pa~k!uOupa~k!&1•••,

~4.2!

where the sum is over the isospin indices of the pion. T
pion matrix elements ofOV,A are easily worked out using
PCAC ~partially conserved axial-vector current! and current
algebra to get

^OV,A&5^0uOV,Au0&7
T2

6Fp
2 ^0uOV2OAu0&.

It is now simple to write the sum rules for a correlatio
function by equating the Borel transform of the spectral re
resentation to the operator product expansion. It turns
that both the vector and the axial vector correlation functio
give rise to the same sum rules@18#:

2Fr
2e2mV

2 /M2
1Fa1

2 e2mA
2 /M2

1Fp
2 52

4p

3M4
^0uOV2OAu0&,

2mV
2Fr

2e2mV
2 /M2

1mA
2Fa1

2 e2mA
2 /M2

5
8p

3M2
^0uOV2OAu0&.

~4.3!

It is interesting to observe that these sum rules are noth
but the vacuum sum rules derived from the difference of

FIG. 9. Self-energy diagrams.
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S. MALLIK AND SOURAV SARKAR PHYSICAL REVIEW D 66, 056008 ~2002!
correlation functions of the vector and the axial-vector c
rents, whose spectral side consists of the pole terms duep,
r anda1 exchanges. Also asM2 tends to infinity, we recover
the well known sum rules

Fr
22Fa1

2 2Fp
2 50,

mV
2Fr

22mA
2Fa1

2 50, ~4.4!

originally derived by Weinberg@19# as superconvergenc
sum rules for the difference of the spectral functions.

V. CONCLUDING REMARKS

In this work we have obtained the sum rules followin
from the two point functions of the vector current and t
axial vector current at finite temperature. For a reliable e
mate, we calculate their spectral sides using the chiral
grangian. The resulting Feynman diagrams~to one loop! can
be readily evaluated for their leading thermal contribution

Though there is a multitude of diagrams to begin wi
only a few of these actually contribute to orderT2. This is
due to the presence of derivatives on the pion fields in
interaction vertices as required by chiral symmetry. Amo
the diagrams, there is a one-particle reducible, self-ene
diagram, whose contribution at spacelike momenta is zer
order T2, but the old saturation scheme would derive fro
this diagram a shift to this order in the residue of the me
pole.

The older strategy of determining the temperature dep
dence of the pole parameters from such sum rules is
relevant anymore, as we have already included the diagr
responsible for this dependence in our calculation of
spectral functions. Our evaluation reproduces the sum r
which follow from the vacuum correlation functions them
selves.

The present saturation scheme has been used also fo
nucleon correlation function at finite temperature, again
producing the results obtainable from the correspond
vacuum correlation function@6,7#. Thus we now have
enough confirmation of the correctness of the QCD s
rules in a medium.

Can we getnewresults from the sum rules in a medium
It would seem that we are merely reproducing the old res
in a more complicated way: What one could have fro
single particle exchange diagrams in vacuum are now
rived from one-loop diagrams at finite temperature. But
do not believe the situation to be always so. Indeed, hav
been assured of the correct procedure to saturate the sp
side, we may apply the sum rule technique to other me
such as the nuclear medium, by introducing the nucle
chemical potential. There are no reliable estimates of hig
dimension operators like the four-quark operators in s
media. It is these quantities which should be readily av
able from such sum rules.
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APPENDIX

Some care is necessary in constructing the spectral re
sentation for thepp loop for qW 50. The loop integral gives
rise to cuts in theq0

2 plane for arbitraryqW extending over 0

,q0
2,uqW u2 ~short cut! and q0

2.4(mp
2 1uqW u2) ~unitary cut!.

As qW→0 the short cut shrinks to a point. But the spect
function can be singular in this limit, so that the part of t
spectral representation due to this cut may be non-vanish

Consider first thepp loop in the vertex diagram. It gives
an amplitude of the form of Eq.~3.7!, where

Lmn~q!5 icE d4k

~2p!4
f mn~q,k!D11

(p)~k!D11
(p)~q2k!,

~A1!

with

c5~4GrFr /mV
2Fp

2 !,

f mn5~qm22km!~q2kn2q•kqn!.

As in Sec. II the imaginary part of the amplitude may aga
be obtained directly by integrating overk0. But, unlike the
case of loops with one pion and one heavy particle, the
gular integration in the resulting integral overkW gives rise to
a u-function constraining the limits ofukW u. The imaginary
part of the invariant amplitudes may then be worked out
give

S ImL l

ImL t
D 5

1

8~2p!2E21

11

dxS 2q2x2/2

2q4/6 D
3S 11

2

eb(uqW ux1q0)/221
D , q2.0, ~A2!

and

S ImL l

ImL t
D 5

1

8~2p!2E1

`

dxS 2q2x2/2

2q4/6 D
3S 1

eb(uqW ux2q0)/221
2

1

eb(uqW ux1q0)/221
D ,

q2,0. ~A3!

On the unitary cut thex integrals are thus finite asqW→0
and because ofq2(q4) in the integrands, their Borel trans
forms will have no contributions toO(T2). But on the short
cut thex integrals diverge asqW→0. Let us then consider the
full Borel transformed amplitude withqW Þ0,
8-8
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S L l

L t
D 5

1

M2E0

uqW u2
dq0

2e2q0
2/M2S ImL l

ImL t
D . ~A4!

Defining new variablesl andu by q05luqW u anduqW ux5u, it
becomes

S L l

L t
D 5

uqW u2

8~2p!2M2E0

1

dl2e2l2uqW u2/M2
l

3E
uqW u

`

duS ~12l2!u2/2

2~12l2!2uqW u4/6
D •D ~A5!

where
.
-

S

05600
D5
1

luqW u
S 1

eb(u2luqW u)/221
2

1

eb(u1luqW u)/221
D

→22
d

du S 1

ebu/221
D , ~A6!

as uqW u→0. Thus the short cut also cannot contribute forqW
50.

Thepp loop in the self-energy correction is given by E
~3.12! where Pmn is of the form of Eq. ~A1! with c
5(2Gr /mVFp

2 )2 and f mn5Cmn . From the previous treat
ment it is clear that this amplitude again does not lead to
corrections ofO(T2).
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